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The theory of elasti light sattering by semiondutor quantum dots is suggested. The
semilassial method, applying retarded potentials to avoid the problem of bounder onditions for
eletri and magneti eld, is used. The exat results for the Pointing vetor on large distanes from
a quantum dot, formulas of dierential ross setions of light sattering for the monohromati and
pulse irradiation are obtained.
PACS numbers: 78.47. + p, 78.66.-w
I. INTRODUCTION
The exitoni exitations in size-quantized
semiondutor objets (quantum wells, quantum wires,
quantum dots) may be investigated by measuring of
elasti light sattering by objet mentioned above. Light
sattering inreases resonantly when the stimulating
light frequeny ωℓ equals to the exiton frequeny ω0.
The width of the resonant peak is determined by the
exiton damping Γ.
It was shown
1
that Γ = γr + γ, where γr(γ) is
the radiative (nonradiative) exiton damping. The same
onept was extended on light absorption by quantum
wells
2
(see also
3
). Light reetion by quantum wells,
quantum wires, quantum dots was onsidered in
?
.
There are two ways to investigate theoretially light
sattering by semiondutor quantum objets: quantum
and semilassial. The quantum way applies the quantum
perturbation theory. The eletri eld is being quantized,
proesses of photon annihilation with an exiton reation
and vie versa are onsidered. The quantum way was
used for alulations of a light sattering setion by any
quantum dot. The quantum perturbation theory allows
to obtain results in the lowest order on the eletron-
photon interation, what exludes taking into aount
of the radiative damping γr. The nonradiative damping
γ does not appear in the quantum theory too, and the
resonant denominator has a form (ωℓ − ω0)2 + δ2, δ → 0,
instead of the preise expression (ωℓ − ω0)2 + Γ2/4. The
advantage of the quantum theory is its simpliity.
With the help of the semilassial method, lassial
eletri and magneti elds are alulated, whereas
the desription of the eletron system remains
quantum one (thus, there are essential the nondiagonal
matrix elements of the quasimomentum operator pcv,
orresponding to the eletron-hole pair reation). The
semilassial method starts sine the alulation of the
urrent and harge densities averaged on the rystal
ground state
16
and indued by the eletri eld inside
of the semiondutor objet
6,7
. When the stimulating
eletri eld E0(r, t) is used in expressions for these
densities, we are limited again by the lowest order
on the eletron-light interation. All the orders on
the eletron-light interation are taken into aount,
when the genuine eletri eld is substituted into these
densities.
Further, two versions of the semilassial method may
be applied. The rst version is a solution of the Maxwell
equations inside and outside of an objet and appliation
of the bounder onditions for eletri and magneti elds
on borders of the objet. This version is onvenient when
the refration oeients inside ν and outside ν0 of the
objet are dierent. In suh a way the problem of light
reetion and absorption by wide quantum wells (the
width of whih may be omparabel with the light wave
length)
8,10?
. The eletri elds arising in the resonant
light sattering by an exiton in a spherial quantum dot
(onsisting of a ubial rystal of Td lass (for example,
GaAs) and limited by the innitely retangular potential
barrier under ondition ν0 6= ν) are alulated11 by
similar way. However, in the ase of spherial quantum
dots, appliation of the boundary onditions results into
extremely bulky alulations, and in ases of quantum
dots of other forms beome even more ompliated.
Therefore, we suggest a seond version of the
semilassial method - the method of the retarded
potential. The essene of the method is as follows. We
substitute the values of the averaged indued densities of
urrents and harges into expressions for the vetor and
salar potentials (see (7) and (8) below). Having used
potentials, ontaining the genuine eletri eld inside
and eletri and magneti eld outside of the objet,
we obtain an integral equation for the eletri eld
2inside of the objet, whih may be solved in some ases.
Further, we determine the elds outside of the objet.
The advantage of the method of retarded potentials
is a possibility to avoid the problem of the boundary
onditions.
For the ase of a normal inidene of light at the
quantum well surfae, the method is desribed in
7
and applied in
12
. It was shown that the both versions
of the semilassial method lead to idential results.
Calulations similar to the method of the retarded
potentials are used in
4
.
Below, we onsider the light sattering by a quantum
dot of arbitrary form. We hoose the eletri eld E0(r, t)
in the form, allowing to obtain results for monohromati
and pulse irradiation.
II. CURRENT AND CHARGE DENSITIES
INSIDE OF A QUANTUM DOT Ïëîòíîñòè òîêà è
çàðÿäà âíóòðè ÊÒ
Aording to
7
(see Appendix 1), the average density of
indued urrent inside of a quantum dot equals
j(r, t) = 〈0|j1(r, t)|0〉 = ie
2
2pih¯ωgm20
∑
η
Fη(r)
×
∫
d3r′
∫ ∞
−∞
dt′
∫ ∞
−∞
dωe−iω(t−t
′)
×
{
p∗cvη(pcvηE0(r
′, t′))
ω − ωη + iγη/2 +
pcvη(p
∗
cvηE0(r
′, t′))
ω − ωη + iγη/2
}
, (1)
where e(m0) is the free eletron harge (mass), h¯ωg is
the energy gap, η is the exiton index, Fη(r) is the real
("envelope") exiton wave funtion at re = rh = r, re(rh)
is the eletron (hole) radius-vetor, pcvη is the interband
matrix element of the quasi-momentum operator, E(r, t)
is the eletri eld inside of a quantum dot; h¯ωη, γη is
the energy (ounted from the ground state energy) and
exiton nonradiative damping, respetively.
Let us introdue the Fourier-transform E(r, ω) of the
eletri eld
17
E(r, t) =
1
2pi
∫ ∞
−∞
dωe−iωtE(r, ω) + c.c.. (2)
Then, we have from (1)
j(r, t) =
ie2
2pih¯ωgm20
∫ ∞
−∞
dω
∑
η
Fη(r)
×
{
p∗cvηMη
ω − ωη + iγη/2 +
pcvηM˜η
ω + ωη + iγη/2
}
, (3)
where
Mη =
∫
d3rFη(r)(pcvηE(r, ω)),
M˜η =
∫
d3rFη(r)(p
∗
cvηE(r, ω)). (4)
We determine the average density of indued harge
inside of a quantum dot from the ontinuity equation
div j(r, t) +
∂ρ(r, t)
∂t
= 0 (5)
as
ρ(r, t) =
e2
2pih¯ωgm20
∫ ∞
−∞
dω
ω
×
∑
η
{
div (p∗cvηFη(r))
Mη
ω − ωη + iγη/2
+div (pcvηFη(r))
M˜η
ω + ωη + iγη/2
}
+ c.c. (6)
The genuine eletri eld inside of a quantum dot appears
in the RHSs of expressions (1),(3) and (6). We assume
that funtions F (r) and dF (r)/dbfr approah to 0 at
r → ∞, whene it follows that the urrent and harge
densities equal 0 at r →∞.
III. RETARDED POTENTIALS
Vetor and salar potentials, orresponding to the
indued eletri eld inside and outside of a quantum
dot are dened by formulas
13
A(r, t) =
1
c
∫
d3r′
j(r′, t− ν|r− r′|/c)
|r− r′| , (7)
ϕ(r, t) =
1
ν2
∫
d3r′
ρ(r′, t− ν|r− r′|/c)
|r− r′| , (8)
where ν is the refration oeient, whih is idential
inside and outside of a quantum dot. Substituting (3)
and (6) in (7) and (8), we obtain
A(r, t) =
ie2
2pih¯ωgm20c
∫ ∞
−∞
dωe−iωt
×
∑
η
{
p∗cvηMη
ω − ωη + iγη/2 +
pcvηM˜η
ω + ωη + iγη/2
}
×
∫
d3r′Fη(r
′)
eiκ|r−r
′|
|r− r′| + c.c., (9)
ϕ(r, t) =
ie2
2pih¯ωgm20ν
2
∫ ∞
−∞
dω
ω
e−iωt
×
∑
η
{
p∗cvηMη
ω − ωη + iγη/2 +
pcvηM˜η
ω + ωη + iγη/2
}
×
∫
d3r′
eiκ|r−r
′|
|r− r′|
d
dr′
Fη(r
′) + c.c., (10)
3where κ = ων/c. In the RHS of (10) we transfer the
derivative on r′ with the opposite sign at the fator
eiκ|r−r
′|/|r− r′|, and apply the ratio
d
dr′
eiκ|r−r
′|
|r− r′| = −
d
dr
eiκ|r−r
′|
|r− r′| .
Ïîëó÷àåì
ϕ(r, t) =
ie2
2pih¯ωgm20ν
2
∫ ∞
−∞
dω
ω
e−iωt
×
∑
η
{
p∗cvηMη
ω − ωη + iγη/2 +
pcvηM˜η
ω + ωη + iγη/2
}
× d
dr
∫
d3r′
eiκ|r−r
′|
|r− r′| Fη(r
′) + c.c.. (11)
IV. ELECTRIC AND MAGNETIC FIELDS
Eletri and magneti elds are dened as
E(r, t) =
1
c
∂E(r, t)
∂t
− ∂ϕ(r, t)
∂r
,
H(r, t) = rotA. (12)
Let us alulate the elds E(r, t) andH(r, t) at very large
distanes r from a quantum dot, exeeding all the values
of the length dimensionality, essential in our problem. It
means that we determine elds in the limit r →∞.
Let us alulate the integral
Jη(r) =
∫
d3r′Fη(r
′)
eiκ|r−r
′|
|r− r′| . (13)
Sine in the limit r →∞
eiκ|r−r
′| ≃ eiκr−κ|r−r′|/r
, we obtain the result
Jη(r)|r→∞ = e
iκr
r
Pη(κs), (14)
where the designations
κs = κr/r,
Pη(κ) =
∫
d3rFη(r)e
−iκr, (15)
are introdued, and κs is the wave vetor of the sattered
light. We obtain also
(
∂
∂r
Jη(r)
)
r→∞
= iκ
r
r
eiκr
r
Pη(κs), (16)
and so on.
Using (14) and (16) and omitting ontributions, small
at r →∞, we obtain for the elds:
E(r, t) =
e2
2pih¯ωgm20c
2
∫ ∞
−∞
dωωe−iωt
eiκr
r
∑
η
Pη(κs)
×
{
[(p∗cv
r
r )
r
r − p∗cv]Mη
ω − ωη + iγη/2 +
[(pcv
r
r )
r
r − pcv]M˜η
ω + ωη + iγη/2
}
+c.c., (17)
H(r, t) =
e2ν
2pih¯ωgm20c
2
∫ ∞
−∞
dωωe−iωt
eiκr
r
∑
η
Pη(κs)
×
{
[p∗cv × rr ]Mη
ω − ωη + iγη/2 +
[pcv × rr ]M˜η
ω + ωη + iγη/2
}
+ c.c.. (18)
It follows from (17) and (18) that at r → ∞ the elds
E(r, t) and H(r, t) are perpendiular to the radius-vetor
r.
V. DECOMPOSITION OF ELECTRIC AND
MAGNETIC FIELDS ON THE COMPONENTS
WITH LEFT AND RIGHT CIRCULAR
POLARIZATIONS
Let us introdue the irular polarization vetors
e±s =
1√
2
(ex ± iey)
, where the unite vetors ex and ey are perpendiular to
the axis z, aligned parallel to r.
Let us write down the elds as
E(r, t)r→∞ = Ec(r, t) +E
∗
c(r, t),
H(r, t)r→∞ = Hc(r, t) +H
∗
c(r, t), (19)
and deompose them on polarizations
Ec(r, t) = E
+(r, t)e+s + E
−(r, t)e−s ,
Hc(r, t) = H
+(r, t)e+s +H
−(r, t)e−s . (20)
Multiplying both parts of (20) onseutively on e+s and
e−s , we nd
E±(r, t) = − e
2
2pih¯ωgm20c
2r
∫ ∞
−∞
dωωeiκr−iωt
×Q(κs, ω, e±s ), (21)
H±(r, t) = ∓iνE±(r, t), (22)
where
Q(κs, ω, e
±
s ) =
∑
η
Pη(κs)
×
{
(pcvηes)
∗Mη
ω − ωη + iγη/2 +
(pcvηe
±∗)M˜η
ω + ωη + iγη/2
}
+ c.c.. (23)
4VI. THE POINTING VECTOR
The Pointing vetor is equal
13
S(r, t) =
c
4pi
E(r, t)×H(r, t). (24)
Substituting (19) in (24), we obtain
S(r, t)r→∞ =
c
4pi
×{Ec(r, t)×H∗c(r, t) +E∗c(r, t)×Hc(r, t)
+Ec(r, t) ×Hc(r, t) +E∗c(r, t)×H∗c(r, t)}. (25)
Two rst terms in the RHS of(25) provide the main
ontribution into the Pointing vetor, averaged on time.
18
Restriting by that ontribution, we have
S(r, t)r→∞ =
∑
µ
S(r, t, ls), (26)
where
∑
µ designates summation on irular
polarizations of sattered light,
S(r, t, ls)r→∞ =
c
(2pi)3
(
e2
h¯c
)2
ν
mgm40c
r
r
×
∣∣∣∣
∫ ∞
−∞
dωωeiκr−iωtQ(κs, ω, es)
∣∣∣∣
2
. (27)
Opening the square of module in the RHS of (27), we
obtain ∫ ∞
−∞
dω
∫ ∞
−∞
dω′ωω′ei(κ−κ
′)r−i(ω−ω′)t
×Q(κs, ω, es)Q∗(κ′s, ω′, es), (28)
where κ′ = ω′ν/c, κ′s = κ
′
sr/r. As it will be seen below,
the value Q(κs, ω, es) always ontains the fator D0(ω),
desribing the form of the stimulating pulse E0(r, t),
dened as
E0(r, t) = E0eℓ
∫ ∞
−∞
dωeiκℓr−iωtD0(ω) + c.c., (29)
where κℓ is the vetor, whih magnitude is equal
ωℓν/c, and the diretion is dened by the diretion of
stimulating light. For the monohromati irradiation
D0(ω) = δ(ω − ωℓ), (30)
and for the pulse irradiation the frequeny is spreaded
beside ωℓ for some interval ∆ω, inversely proportional to
the pulse duration∆t. In any ase, the arrying frequeny
ωℓ disappears from (28) due to the fator e
−i(ω−ω′)t
in
the integrand. The ontribution of the last two terms
from the RHS of (25) ontains under integral e−i(ω+ω
′)t
,
what makes this ontribution rapidly osillating in time
and approahing 0 at averaging on time.
VII. THE SCATTERING CROSS SECTION
In a ase of monohromati irradiation, when ondition
(30) is satised, it is onveniently to introdue a onept
of the ross setion of light sattering on a quantum dot.
The dierential ross setion is dened as a ratio of a
magnitude of sattered energy ux into an solid angle
interval dos to the magnitude of inident energy ux
on the area unite in a time unite. For a monohromati
irradiation, it is equal
S0 =
cν
2pi
E20 . (31)
Using (26) and (27), we obtain
dσ
dos
=
∑
µ
dσµ
dos
,
dσµ
dos
=
1
(2pi)2
(
e2
h¯c
)2
1
ω2gm
4
0c
2E20
×
∣∣∣∣
∫ ∞
−∞
dωωei(κr−iωtQ(κs, ω, es)
∣∣∣∣
2
. (32)
In a ase of monohromati irradiation, the fator δ(ω −
ωℓ) presents always in the expression for Q(κs, ω
′), es)
(see below). It means that we an write
Q(κs, ω, es) = q(κs, ωℓ, es)δ(ω − ωℓ), (33)
and then (32) is transformed to the form
dσµ
dos
=
1
(2pi)2
(
e2
h¯c
)2
ω2ℓ
ω2gm
4
0c
2E20
|q(κs, ωℓ, es)|2 , (34)
and dependenies on r and t disappear.
VIII. THE LOWEST APPROXIMATION ON
THE ELECTRON-LIGHT INTERACTION
In the lowest approximation the genuine eletri eld
inside of a quantum dot, whih is inluded in expressions
for Mη(ω) and M˜η(ω), is substituted by the stimulating
eld. Aording to (29) and (2), the Fourier transform is
as follows
E0(r, ω, ) = 2pieℓE0eiκℓrD0(ω). (35)
Then,
Mη0 = 2piE0D0(ω)P
∗
η (κℓ)(eℓpcvη),
M˜η0 = 2piE0D0(ω)P
∗
η (κℓ)(eℓp
∗
cvη),
(36)
Q0 = 2piE0D0(ω)
∑
η
Pη(κs)P
∗
η (κℓ)
×
{
(esp
∗
cvη)(eℓpcvη)
ω − ωη + iγη/2 +
(e∗spcvη)(eℓp
∗
cvη)
ω + ωη + iγη/2
}
. (37)
5Substituting (37) in (21), (22) and (27), we obtain eletri
and magneti elds and the Pointing vetor in the limit
r →∞.
For the monohromati irradiation, we obtain the
dierential setion
dσµ0
dos
=
(
e2
h¯c
)2
ω2ℓ
ω2gm
4
0c
2
∣∣∣∣∣
∑
η
Pη(κs)P
∗
η (κℓ)(vηe
∗
s)
∣∣∣∣∣
2
,
(38)
where
|κs| = |κℓ| = ωℓν
c
,
vη =
p∗cvη(eℓpcvη)
ω − ωη + iγη/2 +
pcvη(eℓp
∗
cvη)
ω + ωη + iγη/2
. (39)
IX. COMPARISON OF RESULTS OF
SEMICLASSICAL AND QUANTUM THEORIES
14
Let us omit in (38) the nonresonant term, ontaining
(ω + ωη + iγη/2)
−1
. We obtain
dσµ0
dos
=
(
e2
h¯c
)2
ω2ℓ
ω2gm
4
0c
2
×
∣∣∣∣∣
∑
η
Pη(κs)P
∗
η (κℓ)(pcvηeℓ)(pcvηes)
∗
ω − ωη + iγη/2
∣∣∣∣∣
2
. (40)
It follows from (40) that if the light wave length exeeds
the quantum dot sizes and
Pη(κℓ) ≃ Pη(κs) ≃ Pη(0),
the polarization and angular distribution of sattered
light depend only on vetors pcvη, orresponding to
the exiton, whih is in resonane with the stimulating
light. This result is very lose to results of the quantum
theory (see (15) from
15
), but the fator (ωℓ/ωg)
4
is
substituted by (ωℓ/ωg)
2
, what is inidentally under
resonant onditions, and the value (ω − ωη + iδ)−1
is substituted by (ω − ωη + iγη/2)−1. Obviously,
the semilassial method provides more exat results
even in the lowest approximation on the eletron-light
interation, sine it allows to inlude into the theory
the nonradiative damping γη (whih determines light
absorption by a quantum dot). Besides, Êðîìå òîãî, the
semilassial method allows to investigate light sattering
and absorption for a pulse irradiation.
Further, we pass on to the preise semilassial theory,
taking into aount all the orders on the eletron-light
interation.
X. THE EQUATION FOR ELECTRIC FIELD
INSIDE OF A QUANTUM DOT
First of all, we alulate dened in (4) Mη and
M˜η from the RHS of (23), i.e., we substitute in (4)
the Fourier-omponents of the genuine eletri eld
inside of the quantum dot. We obtain an equation for
these Fourier-omponents E(r, ω) as follows, writing the
genuine eletri eld inside of the quantum dot in the
form
E(r, t) = E0(r, t)− 1
c
∂A(r, t)
∂t
− ∂ϕ(r, t)
∂r
, (41)
where E0(r, t) is the stimulating eletri eld (29),
A(r, t) and ϕ(r, t) are the vetor and salar potentials,
dened in (9) and (10) and orresponding to the
seondary radiation of the quantum dot. For the Fourier-
omponents E(r, ω) of the eld (41), we obtain the
integral equation
E(r, ω) = 2pieℓE0eiκℓrD0(ω)− e
2
h¯c
ω
ωgm20c
×
∑
η


Mη
[
p∗cvη + κ
−2 ∂
∂r
(
∂p∗cvη
∂r
)]
ω − ωη + iγη/2
+
M˜η
[
pcvη + κ
−2 ∂
∂r
(
∂pcvη
∂r
)]
ω + ωη + iγη/2

Φη(r), (42)
where
Φη(r) =
∫
d3rFη(r
′)
eiκ|r−r
′|
|r− r′| . (43)
XI. THE EQUATION SYSTEM FOR
COEFFICIENTS Mη AND M˜η
We multiply (42) at Fη′(r)pcvη′ and integrate on r,
then, perform the same operation, using Fη′(r)p
∗
cvη′ . We
obtain the following system of equations forMη and M˜η
19
Mη′ = 2piE0D0(ω)(eℓpcvη′)P
∗
η′(κℓ)−
e2
h¯c
ω
ωgm20c
×
∑
η
{
MηRηη′
ω − ωη + iγη/2 +
M˜ηSηη′
ω + ωη + iγη/2
}
,
M˜η′ = 2piE0D0(ω)(eℓp
∗
cvη′)P
∗
η′(κℓ)−
e2
h¯c
ω
ωgm20c
×
∑
η
{
MηS˜ηη′
ω − ωη + iγη/2 +
M˜ηR˜ηη′
ω + ωη + iγη/2
}
, (44)
where
Rηη′ = (p
∗
cvηpcvη′)
∫
d3rFη′ (r)Φη(r)
+
1
κ2
∫
d3rFη′ (r)
(
∂pcvη′
∂r
)(
∂p∗cvη
∂r
)
Φη(r),
Sηη′ = (pcvηpcvη′)
∫
d3rFη′ (r)Φη(r)
+
1
κ2
∫
d3rFη′ (r)
(
∂pcvη′
∂r
)(
∂pcvη
∂r
)
Φη(r). (45)
6The integrals on r from (45) may be written in a more
symmetrial form∫
d3rFη′ (r)Φη(r) =
∫
d3r
∫
d3r′Fη′ (r)Fη(r)
×e
iκ|r−r′|
|r− r′| ,∫
d3rFη′ (r)
(
∂pcvη
∂r
)(
∂p∗cvη
∂r
)
Φη(r)
=
∫
d3r
∫
d3r′Fη′(r)Fη(r)
(
pcvη′
∂
∂r
)(
pcvη′
∂
∂r
)
×e
iκ|r−r′|
|r− r′| . (46)
The oeients from (44) have properties
Rη′η = R˜ηη′ , Sη′η = Sηη′ . (47)
XII. CALCULATION OF THE FUNCTION Φ(r)
Let us obtain the Fourier-transformation of the
funtion
Φ(r) =
∫
d3r′F (r′)
eiκ|r−r
′|
|r− r′| .
We obtain
Φ(r) =
1
(2pi)3
∫
d3κF (κ)fκ(κ)e
iκr, (48)
where
Fκ(κ) =
∫
d3re−iκrF (r) = P (κ), fκ(κ)
=
∫
d3re−iκr
eiκr
r
.
Integration on r results in
fκ(k) = fκ(k)
=
2pi
k
{
P
k − κ +
P
k + κ
+ ipiδ(k − κ)− P
k + κ
}
,
P
k − κ =
1
2
(
1
k − κ+ iδ +
P
k − κ− iδ
)
,
δ → +0. (49)
The last term in the RHS of (49) may be omitted, then
Φ(r) =
1
(2pi)3
∫
d3keikrP (k)
×
{
4pi
P
k2 − κ2 +
2ipi2
κ
δ(k − κ)
}
. (50)
It is easy to hek that the funtion Φ(r) satises the
equation
(κ2 +∆)Φ(r) = 4piF (r),∆ =
(
∂
∂r
)2
. (51)
XIII. THE EQUATION SYSTEM FOR ONE
DEGENERATED ENERGY LEVEL
Let us onsider n times degenerated exiton energy
level. Without taking into aount the eletron-light
interation,
ωη = ω0, (52)
and
γη = γ, Fη(r) = F (r), Pη(κ) = P (κ),Φη(r) = Φ(r).
(53)
Only the vetors pcvη depend on index η, taking n
values. Taking into aount only this level (assuming,
that the frequeny of stimulating light is in the resonane
with ω0), we obtain from (44) and (50) 2n algebraial
equations for 2n quantities Mη and M˜η.
Mη′ = 2piE0D0(ω)(lℓpcvη′)P
∗(κℓ)
+
∑
η
{
MηΩ(p
∗
cvη,pcvη′)
ω − ω0 + iγ/2 +
M˜ηΩ(pcvη,pcvη′)
ω + ω0 + iγ/2
}
,
M˜η′ = 2piE0D0(ω)(eℓp
∗
cvη′)P
∗(κℓ)
+
∑
η
{
MηΩ(p
∗
cvη,pcvη′)
ω − ω0 + iγ/2 +
M˜ηΩ(pcvη,pcvη′)
ω + ω0 + iγ/2
}
,(54)
where
Ω(p1,p2) = Ω(p2,p1) = ∆ω(p1,p2)− iγr(p1,p2)/2,
(55)
∆ω(p1,p2) =
e2
2pi2h¯c
ω
ωgm20cκ
2
∫
d3k|P (k)|2
×
{
(p1,p2) + [(k1p1)(kp2)− k2(p1,p2)] P
κ2 − k2
}
,(56)
γr(p1,p2) =
e2
2pih¯c
ω
ωgm20cκ
∫
doκ|P (k)|2
×{κ2(p1p2)− (κp1)(κp2)}. (57)
XIV. THE EXCITON Γ6 × Γ7 IN CUBIC
CRYSTALS OF Td CLASS
As an example, let us onsider an exiton, formed by
an eletron from twie degenerated Γ6 ondution band
and by a hole from twie degenerated Γ7 valene band,
splitted by the spin - orbital interation.
The eletron wave funtions have the struture
?
Ψc1 = iS ↑,Ψc2 = iS ↓, (58)
and the the hole wave funtions are
Ψh1 =
1√
3
(X − iY ) ↑ − 1√
3
Z ↓,
Ψh2 =
1√
3
(X + iY ) ↓ + 1√
3
Z ↑ . (59)
7Combining (58) è (59) in pairs, we obtain four times
degenerated exitoni state, for whih the vetors pcvη
are
pcv1 =
pcv√
3
(ex − iey),
pcv2 =
pcv√
3
(ex + iey),
pcv3 =
pcv√
3
ez,
pcv4 = −pcv√
3
ez, (60)
where we introdued the salar
pcv = i〈S|pˆx|X〉, (61)
ex, ey, ez are the unite vetors along the rystallographi
axes.
We onsider the irular polarization of stimulating
and sattered light, i.e.,
e±ℓ =
1√
2
(exl ± eyl),
e±s =
1√
2
(exs ± eys), (62)
where the unite vetors exl and eyl are perpendiular to
the axis zℓ along the vetor κl , the unite vetors exs and
eys are perpendiular to the axis zs along the vetor κs.
In the ase of the exiton Γ6×Γ7, it is onveniently to
sum in (3) and (6) on indexes η, using (55). Calulations,
desribed in setions III - XIII , result in the same
expressions, ertainly. After summation, we have
j(r, t) =
ie2p2cv
3pih¯ωgm20
F (r)
∫ ∞
−∞
dωe−iωtT(ω)L(ω)
+c.c., (63)
ρ(r, t) =
ie2p2cv
3pih¯ωgm20
F (r)
∫ ∞
−∞
dω
ω
(
dF (r)
dr
)
T(ω)L(ω)
+c.c., (64)
where the designations are introdued
T(ω) =
∫
d3rE(r, ω)F (r),
L(ω) =
1
ω − ω0 + iγ/2 +
1
ω + ω0 + iγ/2
. (65)
Expressions (63) and (64) do not ontain evidently the
vetors rcvη and allow to alulate the light sattering
ross setion by a quantum dot in the resonane with the
exiton Γ6×Γ7. It follows from (63) and (64), that in that
ase all the values do not depend on the rystallographi
axes diretion.
Using (7) and (8), we obtain vetor and salar
potentials
A(r, t) =
ie2p2cv
3pih¯ωgm20c
∫ ∞
−∞
dωe−iωtL(ω)T(ω)
×
∫
d3r′F (r′)
eiκ|r−r
′|
|r− r′| + c.c., (66)
ϕ(r, t) =
ie2p2cv
3pih¯ωgm20ν
2
∫ ∞
−∞
dω
ω
e−iωtL(ω)T(ω)
× d
dr
∫
d3r′F (r′)
eiκ|r−r
′|
|r− r′| + c.c.. (67)
For eletri and magneti elds, one an apply (19) - (22)
with the substitution
Q(κs, ω, e
±
s ) =
2p2cv
3
P (κs)(T(ω)es)L(ω). (68)
For the Pointing vetor at r → ∞, one has to use (27)
with substitution (68). Äëÿ ñå÷åíèÿ ðàññåÿíèÿ ïðè ìî-
íîõðîìàòè÷åñêîì îáëó÷åíèè ïðèìåíèìû òî÷íûå îð-
ìóëû Formulas (33) - (34) with substitution (68) are
appliable for the sattering setion at a monohromati
irradiation. In the lowest order on the eletron-light
interation, we obtain
dσµ
dos
=
4
9
(
e2
h¯c
)2
p4cvω
2
ℓ
ω2gm
4
0c
2
|eℓ)e∗s|2|P (κℓ)|2|P (κs)|2
×
∣∣∣∣ 1ω − ω0 + iγ/2 +
1
ω + ω0 + iγ/2
∣∣∣∣
2
, (69)
and
|e+ℓ e−s |2 =
1
4
(1 + cos θ)2,
|e+ℓ e+s |2 =
1
4
(1 − cos θ)2, (69a)
where θ is the sattering angle, what oinide with results
(32) - (35) of the artile
14
, if in(69) the nonresonant
ontribution (proportional to (ω + ω0 + iγ/2)
−1
) is
omitted, and the fator (ωℓ/ωg)
2
is substituted by
(ωℓ/ωg)
4
, and (ω − ω0 + iγ/2)−1 is substituted by (ω +
ω0 + iδ)
−1, δ → 0 .
XV. THE EQUATION FOR THE ELECTRIC
FIELD INSIDE OF A QUANTUM DOT IN THE
CASE OF THE EXCITON Γ6 × Γ7
Having substituted expressions (29), (66) and (67) in
(41), we obtain the equation for the Fourier-omponent
of the eletri eld
8Ïîäñòàâèâ â (41) âûðàæåíèÿ (29), (66) è (67), ïîëó-
÷èì óðàâíåíèå äëÿ Ôóðüå-êîìïîíåíò ýëåêòðè÷åñêîãî
ïîëÿ
E(r, ω) = 2piE0eℓeiκℓrD0(ω)− 2
3
e2
h¯c
p2cvω
m20ωgc
L(ω)
×
[
T(ω) + κ−2
(
d
dr
T(ω)
)]
Φ(r). (70)
The equation (70) an be obtained also from (42) with
the help of substitution the vetor pcvη from (60) and
summation on indexes η, taking the values from 1 to 4.
Let us multiply (70)on F (r) and integrate on r. We
obtain the equation for the vetor T(ω)
T(ω) = 2piE0eℓD0P
∗(rℓ)
−C(ω)
∫
d3r
[
T(ω)Φ(r) + κ−2
(
d
dr
T(ω)
)
Φ(r)
]
, (71)
where the designation
C(ω) =
2
3
(
e2
h¯c
)
p2cvω
ω2gm
2
0c
L(ω), (72)
is introdued, and expression (50) is used for the funtion
Φ(r). Substituting (50) in (71), we obtain
T(ω)(1 + C(ω))
∫
d3kJ(k) = 2piE0eℓD0P
∗(κℓ)
+
C(ω)
κ2
∫
d3kk(kT(ω))J(k), (73)
J(k) = |P (k)|2
[
1
2pi2
P
k2 − κ2 +
i
4piκ
δ(k − κ)
]
. (74)
Expression (73) may be treated as a system of three
equations for three omponents Tx(ω), Ty(ω), Tz(ω) of
vetor T(ω). The result must be substituted into the
formula for the sattering setion at monohromati
exitation or into the formula for the Pointing vetor at
r → ∞ at pulse exitation. Thus, thus the problem of
the resonant light sattering is solved.
XVI. LIGHT SCATTERING BY THE EXCITON
Γ6 × Γ7 IN A SPHERICAL QUANTUM DOT
Solution of the problem is simplied, when P (k)
depends only on the magnitude of the vetor k in the
ase of a spherially symmetrial funtion
F (r) = F (r). (75)
Then, at J(k) = J(k),∫
d3kkxkyJ(k) =
∫
d3kkkxkzJ(k)
=
∫
d3kkkykzJ(k) = 0, (76)
and the solution of (73) has the form
T(ω) =
=
2piE0eℓD0(ω)P
∗(κ)
1− (∆ω0 − iγr/2)
[
1
ω−ω0+iγ/2
+ 1ω−ω0+iγ/2
] , (77)
where
∆ω0 = ∆ω
′
0 +∆ω
′′
0 ,
∆ω′0 =
4
9pi
e2p2cv
h¯ωgm20ν
2
∫ ∞
0
dkk3|P (k)|2 P
κ− k , (78)
∆ω′′0 =
4
9pi
e2p2cv
h¯ωgωm20ν
2
∫ ∞
0
dkk2|P (k)|2
(
3− k
κ+ k
)
,
(79)
γr =
8
9
e2p2cvω
2ν
h¯ωgm20c
3
|P (κ)|. (80)
If the nonresonant ontribution (ω+ω0+ iγ/2)
−1
in (77)
is omitted, we obtain
T(ω) =
2piE0eℓD0(ω)P
∗(κ)(ω − ω0 + iγ/2)
ω − (ω0 +∆ω0) + i(γ + γr)/2 . (81)
Omitting nonresonant ontributions and using (81), we
obtain the results (19), (20) and (22) for eletri and
magneti elds at →∞ with the help of substitution
E±(r, t) = −2
3
E0e
2p2cvω
2ν
h¯ωgm20c
2r
(eℓe
±
s )
×
∫ ∞
−∞
dω
ωeiκr−iωtD0(ω)|P (κ)|2
ω − (ω0 +∆ω0) + i(γ + γr)/2 . (82)
For the Pointing vetor at r→∞ we obtain
S(r, t, es) =
2
9pi
E20
(
e2
h¯c
)2
p4cvν
ω2gm
4
0c
|eℓe±s |2
r
r3
×
∣∣∣∣
∫ ∞
−∞
dω
ωeiκr−iωtD0(ω)|P (κ)|2
ω − (ω0 +∆ω0) + i(γ + γr)/2
∣∣∣∣
2
. (83)
At last, the result for the sattering setion at
monohromati irradiation is as follows
dσµ
dos
=
4
9
(
e2
h¯c
)2
p4cvω
2
ℓ
ω2gm
4
0c
2
|eℓe±s |2
× |P (κ)|
4
[ωℓ − (ω0 +∆ω0)]2 + (γ + γr)2/4 .. (84)
Thus, the preise results (82) - (84) distinguish from the
results of the lowest approximation on the eletron-light
interation only by the replaement of ω0 íà ω0 +∆ω è
γ by γ + γr .
9XVII. COMPARISON OF RESULTS FOR
RADIATIVE DAMPING AND AMENDMENTS
TO THE ENERGY WITH RESULTS OF THE
QUANTUM PERTURBATION THEORY
Let us ompare expression (80) for γr with the
expression (43) from
5
. They oinide almost. Thus, one
an onlude that γr from (82) - (84) oinides with γrη
with indies η = 1 or η = 2 from5.
As far as onerns energy amendments, we have no
a oinidene with the results of the quantum theory.
The alulation shows that the energy amendment of the
perturbation theory, taking into aount the exiton -
photon transition, must be equal
∆ωη =
e2
4pi2h¯ω2gm
2
0ν
2
∫
dok
∑
µ
|pcvηeµk|2
×
∫
dkk3|Pη(k)|2 P
kη − k , (85)
where kη = ωην/c.
For the exiton Γ6 × Γ7 we use vetors pcvη , dened
in (60). Assuming Pη(k) = P (k) = P (k) , we have
∆ω1 = ∆ω2 =
4
9pi
e2p2cv
h¯ω2gm
2
0ν
2
∫
dkk3|Pη(k)|2 P
kη − k ,
∆ω3 = ∆ω4 = ∆ω1/2. (86)
Comparing (86) and (78) and assuming ωη = ω, we nd
that the RHS of (86) ontains an additional fator ω/ωg
in omparison to the RHS of (78), what is inidentally.
However, the energy amendment to ∆ω′′0 , determined
in (79), is not in agreement with the results of the
perturbation theory.
XVIII. RESULTS FOR SCATTERING
SECTIONS
For the sattering setion on exitons Γ6 × Γ7 in
spherially symmetrial quantum dots, we obtain with
the help of (84) and (69a)
dσ++
dos
=
dσ++
dos
=
1
9
Σ˜0(1 + cos θ)
2,
dσ+−
dos
=
dσ−+
dos
=
1
9
Σ˜0(1− cos θ)2,
Σ˜0 =
(
e2
h¯c
)2(
ωℓ
ωg
)2
p4cv
m40c
2
|P (kℓ)|
(ωℓ − ω˜0)2 + Γ2/4 ,
ω˜0 = ω0 +∆ω,Γ = γ + γr, kℓ =
ωℓν
c
, (87)
the supersript ++ designates the polarization of
inident (sattered) light e+ℓ (e
+
s ) and so on.
Summing on polarizations of sattered light, we obtain
dσ+
dos
=
dσ−
dos
=
2
9
Σ˜0(1 + cos
2 θ), (88)
where supersript +(−) designates the polarization of
inident light e+ℓ (e
+
ℓ ) .
The total sattering setion is equal ðàâíî
σ+ = σ− =
32pi
27
Σ˜0. (89)
Using (80) we obtain for the radiative damping that in
the resonane at ωℓ = ω˜0 and under ondition γ ≪ γr
σ+res = σ
−
res = 6pi
(
λℓ
2pi
)2
, (90)
where λℓ is the light wave length.The result (90) is orret
for any sizes of a quantum dot.
For example, using the "envelope"wave funtion
F (r) =
1
2piR
sin2(pir/R)
r2
θ(R − r), (91)
orresponding to the low exiton energy level in
a spherial quantum dot with innitely retangular
barriers, we have
P (k) =
2
kR
∫ π
0
dκ sin
kRx
pi
sin2 κ
κ
, P (0) = 1. (92)
XIX. CONCLUSION
The problem of elasti light sattering by
semiondutor quantum dots of any form, sizes and
onguration is solved with the help of the semilassial
method of retarded potentials. Results are appliable
for monohromati and pulse exitations. The light
refration oeients are assumed idential inside and
outside of a quantum dot.
The eletron - light interation is taken preisely into
aount, i.e., all the light reradiation and absorption
proesses.
As an example, the dierential ross setion of
light sattering is alulated for monohromati light
with frequeny ωℓ on spherial quantum dot in a
semiondutor of Td lass in resonane of stimulating
light with exiton Γ6 × Γ7. It is shown that at least
in ase of this example the exat aount of eletron -
light interation results only in replaement of the fator
(ωl − ω0)2 + γ2/4, obtained in lowest approximation, by
a fator (ωl − ω˜0)2 + (γ + γr)2/4, where ω˜0 = ∆ω0 +
∆ω is the exiton energy renormalized by long-distane
by exhange interation. The value γr is oordinated
to result reeived with By the help of the quantum
perturbation theory
5
.
Under ondition klR ≪ 1 (kl is the module of the
light wave vetor, R is the size of a quantum dot),
polarization and angular distribution of light do not
depend neither on the form of quantum dot, nor from
"envelope"F (r) exiton wave funtion, but only from
vetors pcvη of nondiagonal matrix elements of exiton
10
momentum of exitoni state with an index η, and
magnitude of sattering ross setion does not depend
on the sizes of quantum dot.
The results of the present work an be used for preise
alulations of light absorbane by any quantum dot,
whih is proportional to nonradiative damping γ (see,
for example,
8,10,12?
).
At last, obtained results for the Pointing vetor on
large distanes from a quantum dot are appliable for
the pulse irradiations. The pulse form is determined
by funtion D0(ω) (see(31)). It allows, for example, to
desribe osillations of sattered light aused by splitting
of exiton energy levels in quantum dots (ompare
15
,
where similar osillations are predited in light reetion
and absorption by a quantum well at pulse irradiation).
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